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CARDINAL-INDEXED CLASSIFYING SPACES FOR FAMILIES
OF SUBGROUPS OF ANY TOPOLOGICAL GROUP
QAYUM KHAN
Abstract. Any G-space approximately covered by tubes is the pullback of a
universal space indexed by orbit types of tubes and cardinality of cover (2.1).
For G a Lie group, G-homeomorphism types of proper G-spaces over a metric
space correspond to stratified-homotopy classes of orbit classifying maps (4.7).
Applications include the existence part of classification for unstructured
fiber bundles with locally compact Hausdorff fiber and with locally connected
fiber (2.8) or base (2.12), as well as for equivariant principal bundles (2.18)
which in certain cases is due to Lashof–May (1986) and to Lu¨ck–Uribe (2014).
Our general Eκ
F
G is a final object (3.11) inspired by Baum–Connes’ conjecture.
1. Preliminaries
M McCord introduced the following notion as non-Hausdorff cone [McC66, §8].
Definition 1.1 (McCord). Recall Sierpin´ski1 space I1 :“ pt0, 1u, tH, t1u, t0, 1uuq.
Let pA,Tq be a topological space. Write A` :“ A\ t0u. The indiscrete cone is
cpA,Tq :“ pA,Tq` ^ I1 “ pA`,T Y tA`uq.
This let G Segal [Seg75] cleverly simplify a construction of Gelfand–Fuks [GF68].
We generalize it here to non-free actions for which Segal’s construction is F “ t1u.
Definition 1.2. Let G be a topological group. Let F be any set of subgroups of G.
Define FzG :“
Ů
HPFHzG equipped with coherent topology. Let κ be a cardinal.
Write κ “ cardpIq for a set I. Using the product and subspace topologies, define
EκFG :“ pcpFzGqq
I ´ t0uI
and the κ-indexed F-classifying space Bκ
F
G :“ Eκ
F
G{G with quotient topology.
Note the G-homeomorphism type of Eκ
F
G does not depend on the representative
I. For less cumbersome reading, we abbreviate EκG :“ Eκt1uG and B
κG :“ Bκt1uG.
We expand Biller’s [Bil04, 2.1] beyond Hausdorff G and X and compact H P F.
Our expanded definition here also adds the notions of approximate and isovariant.
Definition 1.3. Let G be a topological group. Let X be a topological G-space.
For any x P X , its isotropy group is Gx :“ tg P G | xg “ xu. Let F be any set of
subgroups of G. An open G-subset T of X is an F-tube if it is G-homeomorphic
to SˆH G for some H P F and H-space S. We say that X is covered by F-tubes
if X “
Ť
iPI Ti for some F-tubes tTi « Si ˆHi GuiPI . More specifically, the cover
is approximate if, for each point x P X and neighborhood O of Gx in G, there
exist i P I and g P G with x P Ti and Gx ď g
´1Hig Ă O. In particular, the cover
is isovariant if each x P X admits some i P I with x P Ti and Gx conjugate to Hi.
1Sierpin´ski [Sie52, §3, §9] noted I1 is the nondiscrete nonindiscrete Fre´chet V-space [Fre´18, V] on
two points. Open sets of a topological space correspond bijectively to continuous functions to I1.
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(Isovariant) covering by F-tubes implies “(strongly) locally F-trivial” [tD87, p46].
Proposition 1.4. Any Eκ
F
G can be covered by F-tubes, in fact, by κ¨cardpFq-many.
Also, the cover by F-tubes is isovariant when restricted to the following G-subset:
E
κ
FG :“ te P E
κ
FG | Di P I : Ge “ Geiu .
We shall call Bκ
F
G :“ E κ
F
G{G the isovariant κ-indexed F-classifying space.
The G-space E κ
F
G is analogous to Palais’ reduced join [Pal60, 1.3.6] [Bre72, p108].
Note E κ
F
G is dense in Eκ
F
G if F is closed under conjugacy and κ-fold intersections.
Proof. Fix i P I and H P F. Define a G-space T pi,Hq and H-subspace Spi,Hq by
T pi,Hq :“ te P EκFG | ei P HzGu
Spi,Hq :“ te P EκFG | ei “ H P HzGu.
It remains to show that the following canonical bijective G-map is an open function:
(1.1) µ : Spi,Hq ˆH G ÝÑ T pi,Hq ; re, gs ÞÝÑ eg “ peigqiPI .
Let O be open in G. Let j ‰ i P I and K P F. Let U be open in KzG. Consider
Bpj, Uq :“ te P Spi,Hq | ej P Uu.
For any k P I, write pik : pcpFzGqq
I ÝÑ cpFzGq for the k-th projection pe ÞÑ ekq and
Vk :“ ppik ˝µqrBpj, Uq ˆOs. Since O is open G, note Vi “ tHuO “ tHup
Ť
hPH hOq
is open in HzG. Since U is open in KzG, note Vj “ UO “
Ť
gPO Ug is open in
KzG [tD87, I:3.1i]. Otherwise Vk “ cpFzGq is open in cpFzGq for all k ‰ i, j. Thus
µrBpj, UqˆOs Ď T pi,Hq is open with respect to the product topology of pcpFzGqqI .
Observe that the subspace topology of Spi,Hq has subbase
B :“ tBpj, Uq | j P I ´ tiu and DK P F : U is open in KzGu .
Let B “ B1 X ¨ ¨ ¨ XBn be in the base generated by B. Since µ is injective, note
µrB ˆOs “ µrB1 ˆO X ¨ ¨ ¨ XBn ˆOs “ µrB1 ˆOs X ¨ ¨ ¨ X µrBn ˆOs
is open in T pi,Hq. Thus µrO1ˆOs is open in T pi,Hq for any open set O1 in Spi,Hq.
Therefore µrW s is open for any open set W in product topology of Spi,HqˆG. As
r´s : Spi,HqˆG ÝÑ Spi,HqˆHG is continuous, µ is open so a G-homeomorphism.
Hence each e P Eκ
F
G “ pcpFzGqqI ´ t0uI is a member of some F-tube T pi,Hq.
Finally, let e P E κ
F
G. Then Ge “ Gei for some i P I. We may assume ei ‰ 0.
Then ei P HzG for some H P F. So e P T pi,HqXE
κ
F
G « pSpi,HqXE κ
F
GqˆHG. 
2. The classifying property: existence
Theorem 2.1. Let G be a topological group. Let F be any set of subgroups of G. Let
κ be a cardinal. Let X be a G-space isovariantly covered by κ-many F-tubes. Then
X is G-homeomorphic to the pullback f˚pE κ
F
Gq for some map f : X{G ÝÑ Bκ
F
G.
The conclusion holds with Eκ
F
G if the cover is only approximate and each Gx closed.
Recall that each isotropy group Gx is closed if X is Hausdorff (T2) [tD87, I:3.5].
Any space is regular if any neighborhood of a point has a closed subneighborhood.
Proof. Let i P I. There is a G-homeomorphism φi : Ti ÝÑ Si ˆHi G with Hi P F.
Write qi : Si ˆHi G ÝÑ HizG for the G-map rs, gs ÞÝÑ Hig. Define a G-map
Fi : X ÝÑ cpFzGq ; x ÞÝÑ
#
pqi ˝ φiqpxq if x P Ti
0 if x R Ti.
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The G-map F : X ÝÑ Eκ
F
G whose i-th coordinate is Fi induces f : X{G ÝÑ B
κ
F
G.
It remains to prove the following canonical surjective G-map is an open injection:
Ψ : X ÝÑ f˚pEκFGq ; x ÞÝÑ pxG, F pxqq.
Fix i P I. Let O be open in G, and let U be open in Si. Consider the open set
V :“ φ´1i rU ˆGsG ˆ te P E
κ
F | ei Ă HiOu
in GzX ˆEκ
F
G, with the quotient map X ÝÑ X{G;x ÞÝÑ xG open [tD87, I:3.1iv].
Note Ψpφ´1i rU ˆHiOsq “ V X f
˚pEκ
F
Gq. Thus Ψ|Ti, hence Ψ, is an open function.
It remains to show that Ψ is injective. Suppose Ψpxq “ Ψpyq for some x, y P X .
Then xG “ yG, that is, y “ xa for some a P G. First, assume the cover is isovariant.
There exist i P I and g P G such that x P Ti and Gx “ g
´1Hig. Note Fipxq “ Hing
for some n P NGpHiq. Then Hinga “ Fipxqa “ Fipyq “ Fipxq “ Hing. So a P Gx.
Hence y “ x. Alternatively, assume the cover is approximate and Gx is closed in G.
Kolmogorov proved topological groups G are regular in the above sense [Kol34, §1].
Assume a R Gx. Then a R O for some neighborhood O of Gx in G. There are i P I
and g P G with x P Ti and Gx ď g
´1Hig Ă O. Again note Fipxq “ Hing and then
gag´1 P Hi. So now a P O, a contradiction. Hence a P Gx. Therefore y “ x. 
Remark 2.2. Below are earlier classifying spaces that isovariantly map to ours.
Our models Eκ
F
G are T0 but not T1, if G is
2 T0 and each H P F is a closed set in G.
A reason to regard higher cardinals κ is G “ pS1qI , with the product topology, for
any infinite set I. These infinite-dimensional toral groups are connected compact
[Cˇec37, p830] abelian Hausdorff groups and archetypes beyond Lie groups [HM06,
8.15]. Also the continuum c :“ 2ℵ0 can be ℵα for ordinals α ą 0 in ZFC set theory.
2.1. Free actions. The following was my motivation and stated by G Segal [Seg75].
Corollary 2.3 (Segal). Let G be any topological group. Let κ be any cardinal.
Let X be a principal G-bundle covered by κ-many local trivializations. Then X is
G-homeomorphic to the pullback bundle f˚pEκGq for some map f : X{G ÝÑ BκG.
This simplified [GF68]3 where the orbit spaceX{G is assumed Tikhonov (T3.5): a
T0 space Y isTikhonov if points and closed sets are separated by maps Y ÝÑ r0, 1s.
An upper bound on κ is the weight of X{G, the minimum cardinality for a base.
For example, if X{G is second-countable, then κ can be taken as the classical ℵ0.
Corollary 2.4 (Gelfand–Fuks). Let G be a topological group. Let B be a Tikhonov
space, with weight denoted wB. Let X be a principal G-bundle over B. Then X is
G-homeomorphic to the pullback bundle f˚pEwBGq for some map f : B ÝÑ BwBG.
This served to generalize Dold’s pullback [Dol63] of Milnor’s construction [Mil56].
A fast formula for f is given by tomDieck [tD66, II] and Husemo¨ller [Hus66, 4:12.2],
who cleverly found a countable partition of unity [tD66, Hilfssatz 2] [Hus66, 4:12.1].
Corollary 2.5 (Milnor–Dold). Let G be a topological group. Let B be a paracom-
pact Hausdorff space. Let X be a principal G-bundle over B « X{G. Then X is
G-homeomorphic to the pullback bundle f˚pEℵ0Gq for some map f : B ÝÑ Bℵ0G.
In turn, this bested Steenrod [Ste51, 19.6, 19.3]: On`k{On for E
nG with G ď Ok.
2Kolmogorov (T0) G are Tikhonov (T3.5, completely regular Hausdorff) [Pon54, Теорема 10].
3Also [GF68] had onlyX{G be Hausdorff ifX were “locallyT-trivial” like [EF41, De´finition(a)].
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Corollary 2.6 (Steenrod). Let G be a compact Lie group. Let B be a finite simpli-
cial complex, say of dimension n. Let X be a principal G-bundle over B. Then X is
G-homeomorphic to pullback bundle f˚pEn`1Gq for some map f : B ÝÑ Bn`1G.
2.2. Unstructured fiber bundles. Balanced products XˆGF allow analogies of
the above results for fiber bundles with fiber F and structure group G [Ste51, 2.3].
However, applications do not effortlessly and formally occur to the more primitive
notion of a fiber bundle with fiber F and no provided structure group [Ste51, 1.1].
Nonetheless, for any base and certain fibers, we can combine [Ste51, 5.4–5.5] with
[Are46, Theorem 4] to associate a principal bundle to unstructured fiber bundles.
Theorem 2.7 (Steenrod–Arens). Let F be a Hausdorff space that either is compact
or is both locally connected and locally compact. Endow HomeopF q with compact-
open topology G [Fox45]. Any F -fiber bundle over any topological space B is iso-
morphic to the balanced product X ˆG F for some principal G-bundle X over B.
Corollary 2.8. Let F be compact T2 space or locally connected locally compact T2.
Endow HomeopF q with compact-open topology G. Let B be a topological space; let
κ be a cardinal. Any F -fiber bundle p : E ÝÑ B covered by κ-many local trivializa-
tions tUiˆF uiPI is isomorphic to pullback f
˚pEκGˆGF q for a map f : B ÝÑ B
κG.
Proof. This is immediate from Theorem 2.7 and Corollary 2.3. 
Remark 2.9 (Cianci–Ottina). For B any Aleksandrov space [Ale37] and the above
sort of fiber F , Corollary 2.8 overlaps with existence of a Grothendieck-type classi-
fying space for unstructured F -fiber bundles over B found recently in [CO, 4.3].
The following result is well-known nowadays but seems to be undocumented.
Corollary 2.10 (Holm). Endow HomeopRn, 0q with compact-open topology TOPn.
Let B be a paracompact Hausdorff space. Any Rn-microbundle p : E ÝÑ B [Mil64]
is isomorphic to pullback f˚pEℵ0TOPnˆTOPn R
nq for a map f : B ÝÑ Bℵ0TOPn.
Proof. Holm shows Rn-microbundles over B are pRn, 0q-fiber bundles [Hol67, 3.3].
As Rn is locally connected locally compact, use Theorem 2.7 and Corollary 2.5. 
Analyzing his own main proof (Y “ r0, 1s), Crowell noticed this fact [Cro63, §4].
Theorem 2.11 (Crowell). Let X be any locally compact Hausdorff space. Endow
HomeopXq with Arens’ g-topology [Are46]. Let Y be any locally connected space.
Any continuous function h : XˆY ÝÑ X with each hy : X ÝÑ X ; x ÞÝÑ hpx, yq a
homeomorphism has its adjoint h˚ : Y ÝÑ HomeopXq ; y ÞÝÑ hy being continuous.
Now, we allow the fibers of Corollary 2.8 to include non-locally connected exam-
ples, such as the p-adic rationals F “ Qp, by transferring the condition to the base.
Corollary 2.12. Let F be any locally compact Hausdorff space. Endow HomeopF q
with Arens’ g-topology G. Let B be any locally connected topological space; let κ be
a cardinal. Any F -fiber bundle p : E ÝÑ B covered by κ-many local trivializations
tUiˆF uiPI is isomorphic to the pullback f
˚pEκGˆGF q for a map f : B ÝÑ B
κG.
Proof. By [Are46, Theorem 3], G is a topological group with continuous evaluation
function GˆF ÝÑ F ; pg, fq ÞÝÑ gpfq, and it is the coarsest for which these hold.
For any transition pUi X Ujq ˆ F ÝÑ pUi X Ujq ˆ F
prFÝÝÑ F of local trivializations,
since UiXUj Ă B is locally connected, by Theorem 2.11, its adjoint UiXUj ÝÑ G
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is continuous. So the F -fiber bundle p : E ÝÑ B has structure group G [Ste51, 2.3]
and is isomorphic to XˆGF for an associated G-principal bundle X ÝÑ B [Ste51,
8.1]. ThenX isG-homeomorphic overB to a pullback of EκG, by Corollary 2.3. 
Again, notice an upper bound on the cardinal κ is the weight wB of the base B.
2.3. Nonfree actions. Bredon [Bre72, II:9.7i] reworked Palais [Pal60, 2.6.2], who
had X separable and locally compact. In the conclusion [Pal61, 4.5], Palais asserts
that his classification also holds for any Lie group G if the action is Palais-proper.
Corollary 2.13 (Palais–Bredon). Let G be a compact Lie group. Let F be a finite
set of closed subgroups of G. Let X be a metrizable G-space with orbit types in F.
Then X is G-homeomorphic to pullback f˚pE ℵ0
F
Gq for a map f : X{G ÝÑ Bℵ0
F
G.
Recall, when G is a compact Lie group, the Peter–Weyl theorem implies there
only countably many conjugacy classes of compact subgroups [Pal60, 1.7.27]. Next,
Ageev had a similar construction to ours in the realm of metric spaces [Age12, 3.2].
Corollary 2.14 (Ageev). Let G be a compact Lie group. Write cpt for the set of
compact subgroups of G. Let X be a metrizable G-space (hence X{G is metrizable).
Then X is G-homeomorphic to pullback f˚pEℵ0cptGq for a map f : X{G ÝÑ B
ℵ0
cptG.
Now we generalize this further, from havingX{G be metrizable to only Tikhonov.
Corollary 2.15. Let G be any Lie group. Write cpt for the set of compact sub-
groups of G. Let X be a Tikhonov space, equipped with a Palais-proper G-action.
By Palais’ slice theorem [Pal61], X is isovariantly covered by cpt-tubes, say κ-many.
Then X is G-homeomorphic to pullback f˚pEκcptGq for a map f : X{G ÝÑ B
κ
cptG.
In the following definition, note that 0 P cpt´lrg for the p-adic integers G “ Zp.
Definition 2.16 (Antonyan). Let G be a locally compact Hausdorff group. A
subgroup H of G is large if the homogeneous space G{H is a topological manifold.
Write lrg Ď cpt (equality if G Lie) for the subset of large compact subgroups of G.
The approximate-slice theorem of Abels–Biller–Antonyan [Ant05, 3.6] is used in-
stead of Palais’ slice theorem to prove the following generalization of Corollary 2.15.
Our conclusion follows from theirs: theirG-map F is an embedding [AAV12, 4.4(1)].
We conclude the same; our F also separates points from closed sets [Eng89, 2.3.20].
Corollary 2.17 (Antonyan–Antonyan–Valera-Velasco). Let G be a locally compact
Hausdorff group. Let X be a Tikhonov space with a Palais-proper G-action. Then X
is G-homeomorphic to the pullback f˚pEwXlrgGq for some map f : X{G ÝÑ B
wX
lrgG.
Proof. By Theorem 2.1 it suffices to approximately coverX by wX-many lrg-tubes.
Let x P X ; let O be an open neighborhood of Gx in G. Since the G-action on X
is Bourbaki-proper [Bil04, 1.4, 1.6c], the G-map G ÝÑ xG; g ÞÝÑ xg is open [tD87,
I:3.19iii]. Then xO “ U X xG for an open set U in X . By the approximate-slice
theorem [Ant05, 3.6], there exists a large compact subgroup H ě Gx of G with
xH Ă U . Then xH Ă xO. Hence H Ă O. Moreover, that theorem gives an open
G-neighborhood T px,Oq of x in X that is G-homeomorphic to SˆHG for some H-
space S [Abe78, 3.5]. Finally, this approximate cover tT px,Oqu of X by lrg-tubes,
by the Axiom of Choice, has a subcover4 of cardinality ď wX [Eng89, 1.1.14]. 
4Note Lindelo¨f’s lemma is wX “ ℵ0: any open cover has a countable subcover [Lin04, II: Rn].
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2.4. Generalized equivariant principal bundles.
Theorem 2.18. Let Γ be a topological group; let Π be any normal subgroup of Γ.
Let F be a set of subgroups of Γ such that H X Π “ 1 for each H P F. Let κ be a
cardinal. Let X be a Γ-space isovariantly covered by κ-many F-tubes. Then X is
Γ-homeomorphic to the pullback c˚pE κ
F
Γq for some Γ{Π-map c : X{Π ÝÑ E κ
F
Γ{Π.
Observe X ÝÑ X{Π is a principal Π-bundle, as the restriction of F to Π is t1u.
Proof. Define c using the F and f for Γ of Proof 2.1 in the commutative diagram
(2.1)
X X{Π X{Γ
E κ
F
Γ E κ
F
Γ{Π Bκ
F
Γ.
F c f
ThenX is Γ-homeomorphic to the pullback f˚pE κ
F
Γq, by Theorem 2.1. Consider the
set FΠ :“ tHΠ :“ HΠ{Π | H P Fu of subgroups of the topological group G :“ Γ{Π.
Note GxΠ “ pΓxqΠ. For each H P F, the quotient map H ÝÑ HΠ is an isomor-
phism, since H X Π “ 1. Then any H-space S is an HΠ-space. So pS ˆH Γq{Π –
SˆHΠG asG-spaces. Thus, by Proof 1.4, the G-space E
κ
F
Γ{Π is isovariantly covered
by κ ¨ cardpFq-many F-tubes. Theorem 2.1 gives the commutative diagram
(2.2)
X{Π E κ
F
Γ{Π E
κ¨cardpFq
F
G
X{Γ Bκ
F
Γ B
κ¨cardpFq
F
G
c
f
where the right square and the rectangle are pullbacks. By the so-called pasting law
[Mac71, III:4.8b], the left square of (2.2) is a pullback. Again, since the right square
and the rectangle of (2.1) are pullbacks, the left square of (2.1) is a pullback. 
May–Elmendorf’s model [Elm83, p278] led to this existence part of [LM86, The-
orem 9]. The pullback property [Las82, p269] is established in [LR78, Theorem 7].
Corollary 2.19 (Lashof–May–Rothenberg). Let Π be a closed normal subgroup of
a compact Lie group Γ. Write FpΠ;Γq for the set of closed subgroups H of Γ with
HXΠ “ 1. Let X ÝÑ X{Π be a numerable pΠ;Γq-bundle [LM86] with X Tikhonov.
Suppose that X has the Γ-homotopy type of a Γ-CW complex.5 Then the Γ-space
X is Γ-homeomorphic to c˚pE ℵ0
FpΠ;ΓqΓq for some Γ{Π-map c : X{Π ÝÑ E
ℵ0
FpΠ;ΓqΓ{Π.
Proof. An isovariant cover exists by Palais [Pal61]; κ “ ℵ0 by tomDieck [tD66]. 
A noncompact result exists for twisted equivariant principal bundles [LU14, 11.4].
Corollary 2.20 (Lu¨ck–Uribe). Let Π, G be compactly generated Hausdorff groups.
Let τ : G ÝÑ AutpΠq be a homomorphism with adjoint G ˆ Π ÝÑ Π continuous.
Write Γ :“ kpΠ ¸τ Gq [Bou61, III:2.28] [Ste67]. Let X be a Γ-CW complex with
X ÝÑ X{Π a pG, τq-equivariant principal Π-bundle. Suppose R is a family of local
representations for pG, τ,Πq [LU14, 3.3] that satisfies the (H)-condition [LU14, 6.1].
Write FpRq for its associated family of closed subgroups of Γ [LU14, 3.5]. Then X
is Γ-homeomorphic to the pullback c˚pE ℵ0
FpRqΓq for a G-map c : X{Π ÝÑ E
ℵ0
FpRqΓ{Π.
5A pΠ; Γ)-bundle X ÝÑ X{Π is numerable and X P T3.5 if X is a Γ-CW complex [LM86, 4,5].
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Remark 2.21 (Guillou–May–Merling). Let Π be either a discrete group or a com-
pact Lie group. Let G be a discrete group. Let τ : G ÝÑ AutpΠq be any homo-
morphism. Write Γ :“ Π ¸τ G. Corollary 2.20 applies with FpRq “ FpΠ;Γq. The
model in [GMM17, 0.4] is more rigid, as it descends from a categorical framework.
3. The classifying property: uniqueness, I
3.1. Topological groups G and arbitrary G-spaces. As a prelude to the next
subsection, we discuss coarse cones and coarse joins (more in the survey [FG04]).
Definition 3.1. Let pA,Tq be a topological space. Consider the half-smash set
A` ^ r0, 1s :“ Aˆ r0, 1s { p@a, a
1 P A : pa, 0q „ pa1, 0qq.
The coarse cone CpA,Tq is this set equipped with the coarsest topology for which
the functions A` ^ r0, 1s ÝÑ r0, 1s ; ra, ts ÞÝÑ t and Aˆ p0, 1s ÝÑ A ; ra, ts ÞÝÑ a
are continuous. The fine cone C pA,Tq is that set equipped with the finest topology
for which the function Aˆ r0, 1s ÝÑ A` ^ r0, 1s ; pa, tq ÞÝÑ ra, ts is continuous.
Remark 3.2. For any space X , the identity function CX ÝÑ CX is continuous.
It is a homeomorphism if X is compact, by the tube lemma. It is not so for X “ R,
since trx, ts P R` ^ r0, 1s | t ă 1{p1 ` x
2qu is a neighborhood of the cone point in
the fine topology but not the coarse one. If d is a metric on X then CX has metric
Cdprx, ss, ry, tsq :“ |s´ t| `mints, tu ¨ dpx, yq.
Note a function f “ pf0, f1q : A ÝÑ CX is continuous if and only if its coordinates
f1 : A ÝÑ r0, 1s and f0 : f
´1
1 p0, 1s ÝÑ X are continuous. A function CX ÝÑ Z is
continuous if and only if the composition with X ˆ r0, 1s ÝÑ CX is continuous.
Remark 3.3. Historically, these two notions of cone were implicit in the topological
study of simplicial complexes K. If K is given the CW topology [Whi39, p316],
then CK is canonically a CW complex. If K is given the euclidean-metric topology
[Lef42, I.1:4.12], then CK is induced by the euclidean metric6. Recall the CW
topology on K is finer than the metric one and is it if and only if K is locally finite.
If X is a G-space, then CX and CX have G-actions defined by rx, ts ¨g :“ rxg, ts.
Example 3.4 (Gelfand–Fuks). Their unrestricted join [GF68] of any G-spaces is
ˇ
iPI
Xi :“
˜ź
iPI
CXi
¸
´ t0uI .
Correspondingly, we reformulate Milnor’s definition [Mil56] in terms of cones.
Definition 3.5 (Milnor). The coarse join of any set of topological spaces is
©
iPI
Xi :“
#
rx, ts P
ź
iPI
CXi
ˇˇˇ
ˇ D finite J Ď I : ÿ
jPJ
tj “ 1 and @i P I ´ J : ti “ 0
+
endowed with the subspace topology induced from Tikhonov’s product topology.
Write EZ :“ Z˝ℵ0 for any space Z, with the diagonal G-action if Z has a G-action.
As just above, we update for arbitrary cardinality, in [Pal60, 1.3.6] [Bre72, p108].
6Given the vertex set S of the abstract simplicial complex [AH35, §IV.1:1] underlying K, there
is a geometric realization in terms of basis vectors in the coproduct R‘S equipped with the 2-norm.
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Definition 3.6 (Palais). The isovariant join of a set of topological G-spaces isæ
iPI
Xi :“
"
rx, ts P ©
iPI
Xi
ˇˇˇ
ˇ Di P I : Grx,ts “ Gxi
*
.
However, if I is infinite, this ‘hemorrhages’ in neighborhoods of AYXpHq in X in
[Bre72, Proof II:9.5], obstructing renormalization on X ´A to finite support. This
na¨ıvete´ is untenable for Proof 3.28; we introduce our own coarse join in the Gelfand–
Fuks style, which for finite I is G-homeomorphic to Palais’ join via normalization.
Definition 3.7. The unrestricted isovariant join of topological G-spaces is
ˇ
iPI
Xi :“
#
rx, ts P
ź
iPI
CXi ´ t0u
I
ˇˇˇ
ˇ Di P I : Grx,ts “ Gxi
+
.
We remind the reader of the following notion of a proper action [Pal61, 1.2.2].
Note the Palais-proper condition is automatic if G is an arbitrary compact group.
Definition 3.8 (Palais). A topological G-space X is Palais if every x P X has a
neighborhood U in X satisfying: each y P X has a neighborhood V in X so that the
transporter xU, V yG :“ tg P G | U X gV ‰ Hu is precompact (compact closure).
In the second half of this subsection, we quickly construct a filtered homotopy.
Definition 3.9. The following topological space we shall call bi-Sierpin´ski space:
I2 :“ pt´1, 0,`1u, tH, t0u, t´1, 0u, t0,`1u, t´1, 0,`1uuq .
It is the particular-point topology on three elements where I1 is for two [SS78, II:8].
The inclusion I1 ÝÑ I2; 0, 1 ÞÝÑ 1, 0 has left-inverse I2 ÝÑ I1;´1, 0, 1 ÞÝÑ 1, 1, 0.
Earlier, I2 occurs as the upper topology on the poset of the 1-simplex [AH35, I:1.4].
Notice the continuous surjection ∆ : r´1, 1s ÝÑ I2 ; ˘1 ÞÝÑ ˘1,´1 ă t ă 1 ÞÝÑ 0.
Lemma 3.10. Let G be a topological group. Let F be any set of subgroups of G.
Suppose tTi « G ˆHi SiuiPI and tTj « G ˆHj SjujPJ each F-isovariantly cover a
G-space X for sets I and J . There is a G-map Φ : Xˆ I2 ÝÑ E
I\J
F
G that restricts
to the classifying G-maps F´ : X ˆ t´1u ÝÑ E
I
F
G and F` : X ˆ t`1u ÝÑ E
J
F
G.
The same holds for equivariant coverings by F-tubes where E˚
F
G (1.2) replace E ˚
F
G.
So the classifying maps f˘ : X{G ÝÑ B
I\J
F
G are homotopic via pidˆ∆q ˝Φ{G.
The proof works more generally for G-maps F˘ not necessarily induced from tubes.
Proof. Define Φ| : X ˆt0u ÝÑ E I\J
F
G to be the classifying G-map of Theorem 2.1
for the combined isovariant cover tTiuiPI \ tTjujPJ of the G-space X by F-tubes.
Define Φ|X ˆt´1u to be the classifying G-map F´ for the isovariant cover tTiuiPI ;
define Φ|X ˆt`1u to be the classifying G-map F` for the isovariant cover tTjujPJ .
Here we use the G-embedding E I
F
G\ E J
F
G ÝÑ E I\J
F
G given by extension by zero.
Let O be open in G. Let i P I. In the product topology, consider the open set
BpO, iq :“ te P E I\JF G | ei P OHi{Hiu.
There is equipped a G-homeomorphism φi : Ti ÝÑ GˆHi Si. Note the preimage
Φ´1pBpO, iqq “ φ´1i pOHi ˆHi Siq ˆ t´1, 0u
is open in X ˆ I2. Similarly one defines BpO, jq for any j P J and verifies a similar
equality. Observe that tBpO, kq | O open in G and k P I \ Ju is a subbase for the
topology of E I\J
F
G. Therefore the G-function Φ is continuous. 
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Theorem 3.11. Let G be a topological group. Let F be any set of subgroups of
G. Let κ be an infinite cardinal. Then Eκ
F
G is a final object in the category of all
topological G-spaces covered by κ-many F-tubes and G-homotopy classes of G-maps.
For paracompact Hausdorff orbit space, one assumes κ “ ℵ0 by Proposition 4.4.
Proof. Existence is in Proof 2.1, without “approximate” for the extra “pullback.”
Uniqueness up to G-homotopy is Lemma 3.10 via pidˆ∆q ˝ Φ and κ` κ “ κ. 
Here is an important case [tD87, I:6.6], upon which the Baum–Connes conjecture
is formulated. Asserted in [BCH94, Proof A:1], one must replace Husemo¨ller’s case
of F “ t1u with Lu¨ck’s observation [Lu¨c05, 2.5i] that the former case works for
noncompactG. (Earlier, tomDieck had a narrower case [tD72] derived from [tD66].)
Corollary 3.12 (tomDieck). Let G be a locally compact Hausdorff group. Let F be
a set of closed subgroups of G preserved under finite intersections and under con-
jugacy. The coarse join EpFzGq “ pFzGq˝ℵ0 is a final object in the full subcategory
of numerable G-spaces. (Recall the isovariant G-map EpFzGq ÝÑ Eℵ0
F
G of 2.2.)
The first case is recorded independently in [Hus66, 4:12.4] [tD66, §3] after Milnor.
Corollary 3.13 (Husemo¨ller). Let G be a topological group. Then EG is a final
object in the category of numerable G-spaces and G-homotopy classes of G-maps.
To state a stronger uniqueness, we require the notion of a stratified homotopy.
The following definition we amplify to preorders from partial-orders [Hug99, 2.6]; we
shall need it in such generality and cannot assume closedness if X is non-Hausdorff.
Definition 3.14 (Hughes). Let P be a set with a preorder7 ď. A topological space
Y shall be pP,ďq-filtered if it is equipped with a set tY auaPP of subspaces where
Y “
Ť
aPP Y
a and b ă a implies Y b Ď Y a. A continuous function f : Y ÝÑ Z of
pP,ďq-filtered spaces is pP,ďq-filtered if fpY aq Ď Za for each a P P. In particular,
a map f : Y ÝÑ Z shall be pP,ďq-stratified8 if fpYaq Ď Za for each a P P, where
Ya :“ Y
a ´
ď
băa
Y b.
The source Y ˆr´1, 1s of a homotopy has stratification pY ˆr´1, 1sqa “ Yaˆr´1, 1s.
Example 3.15. Let G be a topological group. Let F be a set of subgroups of G.
Write pFq for the set of G-conjugacy classes of elements of F. Define a preorder ě
on pF) by: pHq ě pKq if H contains a G-conjugate of K (the reverse of [Kha, 3.5]).
Let X be a G-space with orbit types in F. The orbit-type filtration of X{G is
pX{GqpHq :“ XpHq{G “ txG P X{G | Dg P G : H Ď Gxgu .
The orbit-type stratification of the orbit space X{G is
pX{GqpHq :“ XpHq{G “ txG P X{G | Dg P G : H “ Gxgu .
7Recall a preorder is a partial-order without antisymmetry: a ď a holds and a ď c if a ď b ď c.
8If pP,ďq has upper topology [Ale37, before II], ď satisfies antisymmetry (a “ b if a ď b ď a),
and each set Y a is closed, then tYauaPP is a pP,ďq-stratification in the sense of Lurie [Lur, A.5.1].
If further the partition tYauaPP is locally finite, then it is a pP,ďq-decomposition in the sense of
Goresky–MacPherson [GM88, 1.1]. If the partially ordered set is finite and Y a is closed cofibrant
in Y b if a ă b, then tY auaPP is a pP,ďq-filtration of Y in the sense of Weinberger [Wei94, p115].
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By isovariance, the map f (2.1) is stratified and homotopy Φ{G (3.10) is filtered9.
Remark 3.16. In the preceding example, if G is a Lie group and F Ď cptpGq, then
it follows from Cartan’s closed-subgroup theorem that ě is moreover a partial-order.
However, even for the solvable Baumslag–Solitar group
G “ BSp1, 4q “ xx, y | yxy´1 “ x4y – Zr 1
4
s ¸4 Z,
which is a 0-dimensional Lie group with the discrete topology, antisymmetry of ě
fails for F “ txxy, xx2yu. Therefore, for general G and F, our Definition 3.14 of
filtered spaces is stated in terms of preorders, not the more familiar partial-orders.
3.2. Arbitrary Lie groups G and isometric G-actions. Originally, the filtered
homotopy Φ{G (see 3.10) had a stratified strengthening [Pal60, §2.7] [Bre72, II:9.7].
Theorem 3.17 (Palais–Bredon). Let G be a compact Lie group. Let F Ď cptpGq
be finite with no conjugate elements. Consider Palais’ join of Milnor’s join (3.5):
EnFG :“
æ
HPF
pHzGq˝n
for some n P N. Let B be an pFq-filtered metrizable space of covering dimension ă n.
Suppose f, g : B ÝÑ Bn
F
G :“ En
F
G{G are stratified maps. If f˚pEn
F
Gq and g˚pEn
F
Gq
are G-homeomorphic over idB, then there exists a stratified homotopy from f to g.
We generalize G,F, n following their strategy, but we implement it differently.
Theorem 3.18. Let G be a Lie group. Let F Ď cptpGq with no conjugate elements.
Consider our unrestricted isovariant join (3.7) of copies of Milnor’s infinite join:
EFG :“ ˇ
HPF
EpHzGq.
Let B be an pFq-filtered metrizable space. Suppose f, g : B ÝÑ BFG :“ EFG{G are
stratified maps (3.14). If f˚pEFGq and g
˚pEFGq are G-homeomorphic over idB,
then there exists a stratified homotopy from f to g.
The proof appears after some lemmas in the spirit of the Palais–Bredon strategy.
The first lemma generalizes [Bre72, II:9.2] without using transfinite induction.
Therein, the members of C had dimension ď n and F was a compact pn ´ 1q-
connected polytope [Bre72, II:9.1]. Our C shall be the class M of metrizable spaces.
Recall that Z is an absolute extensor for C, written Z P AEpCq, means that for
any X P C and closed subset A Ă X , any map A ÝÑ Z has an extension X ÝÑ Z.
Lemma 3.19. Let C be a subclass of the class P of paracompact Hausdorff spaces,
such that any closed subset of any member of C is a member of C. Let p : E ÝÑ X be
an F -fiber bundle with any structure group [Ste51, 2.3] and X P C and F P AEpCq.
For any closed subset A of X, any section A ÝÑ E extends to a section X ÝÑ E.
A structure group does not occur in [Bre72, II:9.2] but does in his applications.
Proof. Since X P P, there is a p-trivializing locally finite open cover of X . The
associated principal bundle has a trivializing locally finite open cover tUiu
8
i“1 that
is countable [tD66, Hilfsatz 2], which works also for the F -fiber bundle p. There is a
closed refinement tCi Ă Uiu
8
i“1 [Dow51, 2], which is locally finite and p-trivializing.
9To see Φ{G : X{G ˆ I2 ÝÑ BI\JF G need not be stratified, take K cohopfian in X “ KzG
and κ “ 1, T1 “ X “ T2 and φ1pKgq “ Kg, φ2pKgq “ Kag with a R NGpKq. Note GHpK,´1q “
GpK,0q “ K and GHpK,1q “ Gp0,Kaq “ a
´1Ka, but note GHpK,0q “ GpK,Kaq “ KXa
´1Ka ‰ K.
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Write A0 :“ A and An`1 :“ An Y Cn`1. Inductively assume a section An ÝÑ
E exists extending A ÝÑ E for some n ą 0. Since p´1pCn`1q « Cn`1 ˆ F ,
sections Cn`1 ÝÑ E correspond bijectively to maps Cn`1 ÝÑ F . Then the section
AnXCn`1 ÝÑ E corresponds to a map AnXCn`1 ÝÑ F . Since An is closed in X ,
we have An XCn`1 is closed in Cn`1 P C. Then there is an extension Cn`1 ÝÑ F .
Equivalently, the section An X Cn`1 ÝÑ E extends to a section Cn`1 ÝÑ E. By
the pasting lemma, we obtain a section An`1 ÝÑ E. We are done by induction. 
TO Banakh proved the following observation using direct methods [Ban92, 1.3].
Indirectly, this already followed from Haver [Hav73] with Dold [Dol63, Proof 8.1].
Lemma 3.20 (Banakh). Let W be a Lie group. Then Milnor’s join EW P AEpMq.
For any class C of topological G-spaces, a G-space Z is an absolute G-extensor
for C, written Z P G-AEpCq, if for any closed G-subset A Ă X P C, any G-map
A ÝÑ Z extends to a G-map X ÝÑ A. Write G-M for the class of Palais (3.8)
G-metrizable spaces. Here, G-metrizable means there is a G-invariant metric.
Furthermore, a G-space Z is an absolute neighborhood G-extensor for C, writ-
ten Z P G-ANEpCq, if for any closed G-subset A Ă X P C, any G-map A ÝÑ Z
admits an extension to a G-map U ÝÑ Z for some G-neighborhood U of A in X .
Lemma 3.21. Let K be a compact Lie group. For any K-normed linear space
V : a vectorspace with linear K-action and K-invariant norm, EV P K-ANEpK-Mq.
A nonexample is the circle group K “ U1 and V “ MappU1,Cq with sup-norm,
due to failure of continuity of right-action pf ¨ gqpxq :“ fpxgq [Ant87, Example 8:1].
Proof. The topological product P :“ pV ‘Rqℵ0 is the algebraic direct product of
R-vectorspaces with product topology. The topological vectorspace P is metrizable
and locally convex but not normable. (Also P is Fre´chet if and only if V is Banach.)
To see that P is locally convex [Bou81, §II:4.1], recall P has the coarsest topology
for which each n-th projection P ÝÑ V ‘ R is continuous. The norm-topology on
V ‘R is the coarsest for which the norm and all of its vectorspace translations are
continuous. Thus the topology on P is the coarsest for which each n-th seminorm,
given by n-th projection then n-th norm, and all coordinatewise vectorspace trans-
lations are continuous [Bou81, §II:1.2]. So P is locally convex [Bou81, §II:4.1]. The
proof that P is metrizable formally generalizes that for V “ 0: Rℵ0 [Tik30, p547].
Lastly, P is not normable because any basic open neighborhood of 0 contains a line.
Factoring through metric orbit spaces, by Tietze’s extension theorem [Tie15,
Satz 3], we obtain that R P K-AEpK-Mq. Using the coordinate projections, observe
that the K-action on P is continuous; also P P K-AEpK-Mq if V P K-AEpK-Mq.
Above, we implicitly used the sup-norm on V ‘R, namely: }pv, rq} :“ maxt}v}, |r|u.
Consider the bounded level-preserving K-injection from the coarse cone (3.1):
ι : CV ÝÑ V ‘ R ; rx, ts ÞÝÑ
ˆ
tx
1` }x}
, t
˙
.
The restriction ι|pCV ´ t0uq away from the conepoint is an embedding. Note
ι´1tpv, rq | }pv, rq} ă εu “ trx, ts | t ă εu.
Thus ι is both continuous and open at the coarse conepoint. So ι is a K-embedding.
Hence the product function ιℵ0 : pCV qℵ0 ÝÑ P is a K-embedding. Since the image
ιpCV q in V ‘ R is convex, it follows that ιℵ0pEV q Ă ιℵ0pCV q in P is also convex.
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Therefore, since EV admits a K-embedding as a convex K-subset of a locally
convex vectorspace P , and since K is a compact Lie group, by Antonyan’s partial
generalization [Ant85] of Dugundji’s extension theorem, EV P K-ANEpK-Mq. 
The above variations of extensor, if a member of C also, are spaces Z which have
the stated extension property specialized to when A ÝÑ Z is the identity map.
They are forms of the retract notion, denoted by the letter R instead of E [Hu65].
The Lie hypothesis of Lemma 3.21 is necessary; if K is a non-Lie metric compact
group, there are K-normed linear spaces not in K-ANEpK-Mq [Ant87, Theorem 6].
Lemma 3.20 is a case of Banakh’s lemma [Ban92, 1.3] stated for all W P ANRpMq.
The latter lemma shall be the G “ 1 case of the following equivariant generalization.
Theorem 3.22. Let G be a Lie group. Milnor’s join (3.5) defines a class-function
E : G-ANRpG-Mq ÝÑ ARpMq XG-MXG-ANEpG-Mq ; Z ÞÝÑ EZ :“ Z˝ℵ0 .
We mostly repeat the second half of Banakh’s proof and introduce Palais actions.
Also we remove his intermediate need for a convex subset and we fill in some details.
I did not fully understand the first half of Banakh’s proof, which involved some sort
of abstract convexity structure and an appeal to the proof of Dugundji’s theorem,
so I replaced it with my own Lemma 3.21 which applies Antonyan’s rigorous work.
Proof. Fix Z P G-ANRpG-Mq. Since G is locally compact and Z P G-M, there exist
a G-normed linear space L, a normed linear space N , and a closed G-embedding
e : Z ÝÑ pL ´ 0q ˆN with open G-subset L ´ 0 Palais [AAR09, 3.10]. Since the
G-action on N is trivial, pL ´ 0q ˆ N is Palais (3.8) hence lies in G-M. Then,
since Z P G-ANRpG-Mq, there exists a G-retraction r : O ÝÑ epZq for some
G-neighborhood O of epZq in pL´ 0q ˆN Ă L‘N . Consider the G-invariant map
(3.1) η : L‘N ÝÑ r0, 1s ; x ÞÝÑ
dpx,Cq
dpx, eZq ` dpx,Cq
where C :“ L ‘ N ´ O and dpx, Sq :“ infyPS }x ´ y}. Note ηpCq “ t0u and
ηpeZq “ t1u. So η for M realizes the conclusion of Urysohn’s lemma for T4 spaces.
Using r and η, next we reproduce Banakh’s neighborhood retraction R of EpeZq
in EpL‘Nq, and the map R shall turn out to be G-equivariant. Define a G-function
s : EpL ‘Nq ÝÑ r0, 1s ; rx, ts ÞÝÑ
8ÿ
i“0
ηpxiqti.
To prove Banakh’s assertion that s is continuous, for any i P N consider the function
ηpxiqti : CpL‘Nq ÝÑ r0, 1s defined on the coarse cone of a G-normed linear space.
It is continuous away from the conepoint, since η and multiplication are continuous.
Given ε ą 0, taking δ “ ε, if |ti´0| ă δ then |ηpxiqti´0| ď ti ă ε, so it is continuous.
Thus, as the i-th projection is continuous, for all n P N, the n-th partial sum is too:
sn : CpL‘Nq
ℵ0 ÝÑ r0, ns ; rx, ts ÞÝÑ
nÿ
i“0
ηpxiqti.
Let rx, ts P EpL‘Nq. Then ti “ 0 for some n ě 0 and all i ą n. Let ε ą 0. Since sn
and each rx, ts ÞÝÑ ti are continuous, then in the product topology (see 3.5), there
exists an open neighborhood U of rx, ts in the subspace EpL ‘ Nq Ă CpL ‘ Nqℵ0
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such that: if rx1, t1s P U then |snrx, ts ´ snrx
1, t1s| ă ε{2 and
řn
i“0 t
1
i ą 1´ ε{2; note
srx, ts ´ srx1, t1s “ snrx, ts ´ srx
1, t1s ď snrx, ts ´ snrx
1, t1s ă ε{2 ă ε
srx1, t1s ´ srx, ts “
8ÿ
iąn
ηpx1iqt
1
i ` snrx
1, t1s ´ snrx, ts ă
8ÿ
iąn
t1i ` ε{2 ă ε
so |srx, ts´srx1, t1s| ă ε. Thus s is continuous. Banakh’s neighborhood retraction is
R : s´1p0, 1s ÝÑ EpeZq ; rx, ts ÞÝÑ
„
rpxiq,
ηpxiqti
srx, ts

.
LetK P cptpGq. By Lemma 3.21, EpL‘Nq P K-ANEpK-Mq, asG henceK is Lie
by Cartan’s closed subgroup theorem [Car30, 27]. Then EZ P K-ANEpK-Mq, as EZ
is a neighborhoodK-retract of EpL‘Nq. Thus EZ P G-ANEpG-Mq, by Antonyan’s
neighborhood version [Ant99, Thm 5] of Abels’ induction theorem [Abe78, 4.2].
Also, as Z P G-M, the coarse cone CZ P G-M by Remark 3.2. So the induced metric
[Mun00, 20.5] on the countable product pCZqℵ0 is G-invariant. Hence EZ P G-M.
Finally, we establish the fact that EZ P AEpMq, independently of [Ban92, 1.3].
Take G “ 1 in the above arguments and simplify, as follows. Take L “ 0 and the
closed embedding e : Z ÝÑ N withN Arens–Eells’ space for Z PM [AE56]. Obtain
R as above. In Lemma 3.21 for K “ 1, replace [Ant85] with Dugundji’s extension
theorem [Dug51], to find EN P AEpMq. Then EZ P ANEpMq, skipping [Car30] and
[Ant99]. So EZ P AEpMq [Hu65, III:7.2], since EZ is contractible [Dol63, 8.1]. 
Next, letK be a set of compact subgroups of a locally compact Hausdorff groupG.
Write pG,Kq-M for the Palais G-metrizable spaces with isotropy conjugate into K.
Lemma 3.23. Fix H P lrgpGq (see 2.16) for a locally compact Hausdorff group G.
Then the Palais G-space EpHzGq is a member of the class G-AEppG, tHuq-Mq.
This update of [Bre72, II:9.3] generalizes half of a recent theorem [ZAA19, 4.3].
Corollary 3.24 (Zhang–Antonyan–Antonyan). Let G be a Lie group. The trivial
group 1 is a large compact subgroup of G, hence EG “ Ep1zGq P G-AEppG, t1uq-Mq.
Remark 3.25. Let G be a locally compact Hausdorff group. Updating his earlier
work, S Antonyan defines a closed subgroup H as large in G to be that G{N is
a Lie group for some normal subgroup N Ď H of G [Ant05, 3.1]. By [Ant05, 3.2],
this is equivalent to our Definition 2.16. When G is separable compact Hausdorff,
this equivalence is immediate from [Pon54, Теорема 75] or [MZ55, Theorem 6.3:1],
since the kernel of the G-action on G{H is the normal subgroup N “
Ş
gPG gHg
´1.
As the large subgroup H is closed in the Hausdorff group G, so is its normalizer
NGpHq. The closed subgroup NGpHq{N of the Lie group G{N is Lie [Car30, 27].
Since H{N is closed in NGpHq{N , then WGpHq :“ NGpHq{H is Lie [tD87, I:5.3].
Recall the H-skeleton (or H-fixed set) and H-stratum are the WGpHq-spaces
XH :“ tx P X | H ď Gxu and XH :“ tx P X | H “ Gxu.
Our approach shall avoid the related and noteworthy criterion of James–Segal:
for any compact Lie group K, a member of K-ANEpK-Pq belongs to K-AEpK-Pq
if and only if each H-skeleton belongs to AEpPq for all closed H ď K [JS80, 4.1].
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Proof of Lemma 3.23. For easier reading, shortenW :“WGpHq and E :“ EpHzGq.
Observe that E has all orbit types10 Ě pHq and that EH “ EpHzNGpHqq “ EW .
Recall from [Kha, 2.6] the space MGpX,Y q :“ tpx, yq P X ˆ Y | Gx ď Gyu{G.
Let X be a G-metrizable space with Palais G-action of single orbit type pHq. Note
MGpX,Eq “ XH ˆNGpHq E
H “ XH ˆW EW.
The map pi : MGpX,Eq ÝÑ X{G becomes XH ˆW EW ÝÑ XH{W , which is an
EW -fiber bundle, asW is Lie (Remark 3.25), by Palais’ slice theorem [Pal61, 2.3.1].
Suppose that A is a closed G-subset of X and f : A ÝÑ E is a G-map. The
G-extensions of f to X correspond bijectively [Kha, 2.6]11 to the extensions of the
pi-section Γf : A{G “ AH{W ÝÑ XH ˆW EW to pi-sections from X{G “ XH{W .
The latter exists by Lemma 3.19, since EW P AEpMq (3.20) andM Ă P [Sto48]. 
Extending the above notions, the pHq-skeleton and pHq-stratum are G-spaces
XpHq :“ tx P X | Dg P G : H ď Gxgu and XpHq :“ tx P X | Dg P G : H “ Gxgu.
Lemma 3.26. Let H be a compact subgroup of a Lie group G. Let X be a Tikhonov
space with Palais G-action. Both XpHq and XpHq ´XpHq are closed subsets of X.
So XpHq is locally closed in X with closure Ď X
pHq; see [Bre72, p68] [tD87, I:6.2].
Therefore, X satisfies the Frontier Condition over the poset pcpt,ěq [GM88, I:1.1].
Proof. We use the notation of Example 3.15. Let x P X´XpHq. Then pHq ę pGxq.
By Palais’ slice theorem [Pal61, 2.3.1], there exist a G-neighborhood U of xG in X
and a G-retraction U ÝÑ xG « GxzG. If y P U then pGyq ď pGxq so pHq ę pGyq.
Thus U Ď X ´XpHq. Therefore XpHq is closed in X .
Let a P XpHq. Then pHq “ pGaq. By Palais’ slice theorem, there exist a G-
neighborhood O of aG in X and G-retraction O ÝÑ aG « G{H . Since G is Lie, its
closed subgroups are cohopfian, so the preorder ď is antisymmetric; see Footnote 10
and [tD87, I:3.7]. If b P XpHq X O then pHq ď pGbq ď pHq so pHq “ pGbq. Thus
XpHqXO Ď XpHq. So XpHq is open in X
pHq. Hence XpHq´XpHq is closed in X . 
Finally, we update Palais–Bredon’s key cone lemma [Pal60, §2.7] [Bre72, II:9.4].
They only had considered compact G, so they equivalently used the fine cone (3.2).
Lemma 3.27. Fix a compact subgroup H of an arbitrary Lie group G. Let A be a
closed G-subset of a Palais G-metrizable space X. Any G-map ϕ : A ÝÑ CEpHzGq
with 0 R ϕpApHqq admits a G-extension Φ : X ÝÑ CEpHzGq such that 0 R ΦpXpHqq.
Proof. Since ϕ is equivariant, note ϕpApHq ´ ApHqq “ t0u, the coarse conepoint.
Write Z :“ ϕ´1p0q and E :“ EpHzGq. Since ApHq X Z “ H, there are coordinates
ϕ|ApHq “ pϕ0, ϕ1q : ApHq ÝÑ E ˆ p0, 1s.
Since H P lrgpGq and since ApHq is closed in XpHq P pG, tHuq-M, by Lemma 3.23,
ϕ0 : ApHq ÝÑ E extends to a G-map ϕ
1
0 : XpHq ÝÑ E. Also, since ApHq is closed
in XpHq P M, by Tietze’s extension theorem [Tie15, Satz 3], ϕ1 : ApHq ÝÑ p0, 1s
10Like Remark 3.16, there are large compact subgroups H of locally compact Hausdorff groups
G and g P G with gHg´1 Ĺ H, e.g. the infinite-dimensional toral group H “ pU1qℵ0 in G “ H¸Z.
11Indeed E P M Ă T3.5, since HzG P M (2.16) so CpHzGq, CpHzGqℵ0 P M (3.2) [Eng89, 4.2.4].
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extends to a G-map ϕ11 : XpHq ÝÑ p0, 1s. Since ApHq and B :“ X
pHq ´XpHq are
disjoint sets (with B closed in X by Lemma 3.26), similar to (3.1), construct a map
η : XpHq ÝÑ r0, 1s ; x ÞÝÑ
dpx,Bq
dpx,ApHqq ` dpx,Bq
satisfying ηpBq “ t0u and ηpApHqq “ t1u. Then ϕ1 extends to ϕ
1
1η : X
pHq ÝÑ
r0, 1s which has B being the preimage of 0. So ϕ|ApHq extends to a G-map ϕ
1 :“
pϕ10, ϕ
1
1ηq : X
pHq ÝÑ CE with ϕ1pBq “ t0u. AsXpHq is closed in X by Lemma 3.26,
by pasting lemma [Mun00, 18.3], ϕ and ϕ1 unite to a G-map ϕ2 : AYXpHq ÝÑ CE.
Again as above, the restriction of this new function has coordinates
ϕ2|A1 “ pϕ20, ϕ
2
1q : A
1 :“ pA´ Zq YXpHq ÝÑ E ˆ p0, 1s.
Since H is a compact subgroup of the Lie group G, the orbit HzG P G-ANRpG-Mq
by Palais’ slice theorem [Pal61, 2.3.1]. Then E P G-ANEpG-Mq by Theorem 3.22.
So ϕ20 : A
1 ÝÑ E extends to a G-map Φ10 : U ÝÑ E on a G-neighborhood U of
the closed G-subset A1 in the G-metrizable space X 1 :“ X ´ pZ Y Bq. Indeed, by
Lemma 3.26, the frontier BXpXpHqq :“ XpHq ´ XpHq Ă B so BX´BpXpHqq “ H.
Define a G-map
η1 : X 1 ÝÑ r0, 1s ; x ÞÝÑ
dpx,X 1 ´ Uq
dpx,A1q ` dpx,X 1 ´ Uq
with η1pX 1 ´ Uq “ t0u and η1pA1q “ t1u. Then ϕ21 : A
1 ÝÑ p0, 1s extends to a map
ϕ21η
1 : X 1 ÝÑ r0, 1s. So ϕ2|A1 extends to a G-map Φ1 :“ pΦ10, ϕ
2
1η
1q : X 1 ÝÑ CE
with pΦ1q´1t0u “ X 1´U . Extend Φ1 by zero to aG-map Φ : X 1YZYB ÝÑ CE. 
Recall that any G-map f : X ÝÑ Y satisfies Gx ď Gfx for all x P X . Further-
more, if Gx “ Gfx for all x P X , the G-equivariant map f is called G-isovariant.
Theorem 3.28. Let G be a Lie group. Let F Ď cptpGq have no conjugate ele-
ments. Then EFG “ ˇHPF EpHzGq is an isovariant absolute G-extensor for
pG,Fq-M: for any closed G-subset A of any member X of the class pG,Fq-M, any
isovariant G-map ϕ : A ÝÑ EFG extends to an isovariant G-map Φ : X ÝÑ EFG.
Different from Palais–Bredon’s construction of an isovariant F-classifying space,
S Ageev showed that pCpFzGqqℵ0 is an isovariant absolute G-extensor for pG,Fq-M,
if G is a compact Hausdorff group and F Ď lrgpGq need not be finite [Age12, 3.2].
Proof. Write EH :“ EpHzGq and denote coordinates ϕ “ pϕH : A ÝÑ CEHqHPF.
Let H P F´ tGu. Since ϕ is isovariant, ˇ is our unrestricted isovariant join (3.7),
and F has no conjugate elements, note for all a P ApHq that
pGq ‰ pHq “ pGaq “ pGϕaq “ pGϕHaq.
So 0 R ϕHpApHqq. By Lemma 3.27, ϕH extends to a G-map ΦH : X ÝÑ CEH with
0 R ΦHpXpHqq. If G P F then ϕG : A ÝÑ CEG “ r0, 1s, where 0 R ϕGpAGq since
t0uI R ϕpAGq, extends to a G-map ΦG : X ÝÑ r0, 1s with 0 R ΦGpXGq, by [Tie15,
Satz 3] via orbit spaces to p0, 1s P AEpMq then r0, 1s; this is if G is compact and X
has a G-fixed point. So the G-map Φ :“ pΦHqHPF : X ÝÑ EFG is isovariant. 
Consequently, we obtain the desired corollary which is the first half of uniqueness.
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Proof of Theorem 3.18. Assume a G-homeomorphism ψ : f˚pEFGq ÝÑ g
˚pEFGq
satisfying ψ{G “ idB . NoteX :“ f
˚pEFGqˆr0, 1s has orbit spaceX{G “ Bˆr0, 1s.
On the closed G-subset A :“ f˚pEFGq ˆ t0, 1u of X , define the isovariant G-map
ϕ : A ÝÑ EFG ; pb, e, sq ÞÝÑ
#
e if s “ 0
ψ1pb, eq if s “ 1
with the pullback f˚pEFGq :“ tpb, eq P B ˆ EFG | fpbq “ eGu and ψ “ pidB, ψ1q.
Note pϕ{Gqpb, 0q “ fpbq and pϕ{Gqpb, 1q “ ψ1pb, eqG “ gpbq. Therefore, we con-
clude the existence of a stratified homotopy Φ{G : B ˆ r0, 1s ÝÑ BFG from f to g
by Theorem 3.28, once we verify that X is G-metrizable, as X has isotropy in pFq.
Since HzG P G-M for any H P F, by Theorem 3.22, the Milnor join EpHzGq P
G-M. The induced metric (3.2) on its coarse cone is G-metrizable. The Lie group
G has only countably many conjugacy classes of compact subgroups, by [Kha,
Corollary 3.9]. Then the countable product
ś
HPF CEpHzGq has an induced metric
[Mun00, 20.5], whose formula is G-invariant. So EFG P G-M. Therefore, since
B PM, the subproduct f˚pEFGq Ă BˆEFG P G-M, henceX is also a member. 
4. The classifying property: uniqueness, II
The following Covering Homotopy Theorem is a nontrivial result on product
structures for Hausdorff B. In the free case, it is [Ste51, 11.3] if B is normal Lindelo¨f
and locally compact, and more generally [Hus66, 4:9.8] if B is paracompact.12 If G
is a compact Lie group, the result generalizes [Pal60, 2.4.1] if B is second-countable
locally compact, and more generally [Bre72, II:7.1] if B is hereditarily paracompact.
Theorem 4.1. Let X be a Tikhonov space with Palais action of a Lie group G.
Suppose the orbit map is p : X ÝÑ B ˆ r0, 1s for some hereditarily paracompact
Hausdorff space B. Assume pGxq “ pGyq if projBppxq “ projBppyq. Then X is G-
homeomorphic over the identity idBˆr0,1s to the product space p
´1pBˆt0uqˆr0, 1s.
Our ensuing proof applies and extends Palais–Bredon’s argument [Bre72, II:7.1].
Lemma 4.2. Let py, tq P Bˆ r0, 1s. Then p´1pU ˆ ra, bsq is G-homeomorphic over
id to p´1pU ˆaqˆra, bs for some neighborhoods U of y in B and ra, bs of t in r0, 1s.
Furthermore, the G-homeomorphism restricts to id : p´1pUˆaq ÝÑ p´1pUˆaqˆa.
We modify [Bre72, Proof II:7.1A] to include all strata and to exclude induction.
Proof. Let x P p´1py, tq. Since X is Tikhonov with Palais G-action, by Palais’ slice
theorem [Pal61, 2.3.1], there exists a Gx-slice S at x in X . The tube SG is open
in X , hence its image ppSGq is open in the orbit space X{G “ B ˆ r0, 1s. By the
tube lemma, there are neighborhoods U of y in B and ra, bs of t in r0, 1s such that
Uˆra, bs Ď ppSGq. We may assume equality by reassigning S as SXp´1pUˆra, bsq.
SinceGx is a compact Lie group, S{Gx “ SG{G “ Uˆra, bs, and U is hereditarily
paracompact, by [Bre72, Theorem II:7.1], S is Gx-homeomorphic over idUˆra,bs to
the product T ˆ ra, bs with T :“ S X p´1pU ˆ aq and ra, bs trivial Gx-action. Note
p´1pU ˆ ra, bsq “ SG “ S ˆGx G « pT ˆGx Gq ˆ ra, bs “ p
´1pU ˆ aq ˆ ra, bs. 
Lemma 4.3. Let y P B. The preimage p´1pU ˆ r0, 1sq is G-homeomorphic over
idUˆr0,1s to the product p
´1pU ˆ 0q ˆ r0, 1s for some neighborhood U of y in B.
Furthermore, the G-homeomorphism restricts to id : p´1pUˆ0q ÝÑ p´1pUˆ0qˆ0.
12Paracompact Hausdorff B admit a product-structure theorem for microbundles [Mil64, 3.1].
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Our argument reexplains [Bre72, Proof II:7.1B] but now includes all the strata.
Proof. For each t P r0, 1s, by Lemma 4.2, there exist a neighborhood Ut of y in B,
a neighborhood rat, bts of t in r0, 1s, and a G-homeomorphism φt over the identity:
φt : p
´1pUt ˆ rat, btsq ÝÑ p
´1pUt ˆ atq ˆ rat, bts with φt|p
´1pUt ˆ atq “ id.
Since r0, 1s is compact, there is a finite subset F Ă r0, 1s with p0, 1q “
Ť
tPF pat, btq.
Define U :“
Ş
tPF Ut, a neighborhood of y in B. By Lebesgue’s number lemma,
there is n P N such that each
“
i
n
, i`1
n
‰
Ď rati , btis for some ti P F . Thus we obtain
ϕi : p
´1pU ˆ
“
i
n
, i`1
n
‰
q ÝÑ p´1pU ˆ 0q ˆ
“
i
n
, i`1
n
‰
ϕi| “ φt0 ˝ ¨ ¨ ¨ ˝ φti´1 : p
´1pU ˆ i
n
q ÝÑ p´1pU ˆ 0q.
Then ψ :“ ϕ0 Y ¨ ¨ ¨ Y ϕn´1 : p
´1pU ˆ r0, 1sq ÝÑ p´1pU ˆ 0q ˆ r0, 1s as desired. 
We avoid Bredon’s transfinite induction by a tomDieck-style replacement trick.
Our statement is more generally in terms of predicates Π (that is, unary relations).
Proposition 4.4. Let pB,Tq be a normal Hausdorff space. Let Π Ď T be preserved
under all open subsets and all disjoint unions. Suppose U Ď Π for a locally finite
open cover U of B. Then V Ď Π for a countable locally finite open cover V of B.
Originally for fiber bundles, the proofs [tD66, Hilfsatz 2] [Hus66, 4:12.1] work.
Proof. Since B P T4, by Dieudonne’s closure-refinement lemma [Die44, The´ore`me 6]
and Urysohn’s lemma [Ury25, Satz 25], it follows as noted in [Mic53, Proposition 2]
that U has a subordinate partition of unity ttU : B ÝÑ r0, 1suUPU with same index
set. That is, tU are continuous with ttU ą 0u “ U (not only Ď) and
ř
UPU tU “ 1.
We may assume U is infinite. For each nonempty finite F Ă U, define the function
qF :“ max
"
0, min
UPF
tU ´max
URF
tU
*
: B ÝÑ r0, 1s.
Observe that qF is continuous, since the min is over the finite set F and each x P B
admits a neighborhood N meeting only finitely many elements of U hence of U´F .
Then its support VF :“ tqF ą 0u is open. So VF P Π since VF Ď U for some U P F .
Let E ‰ F be finite subsets of U with cardE “ cardF . We show VE X VF “ H.
As E and F are distinct of same cardinality, there are O P E ´ F and P P F ´ E.
If x P VE then tOpxq ě min
UPE
tU pxq ą max
URE
tU pxq ě tP pxq. Similarly, if x P VF then
tP pxq ě min
UPF
tU pxq ą max
URF
tU pxq ě tOpxq. Thus VE X VF “ H, as tO ą tP ą tO on
VE X VF . Then the union Vn :“
Ť
tVF | cardF “ nu is disjoint. Therefore Vn P Π.
Define V :“ tVn | n P Zą0u, a countable collection of open sets in B. We show
V is a cover of B. Let x P B. Write S :“ tU P U | x P Uu. By our stronger support
condition on the partition of unity, note tU pxq ą 0 if and only if x P U if and only
if U P S. Then qSpxq “ min
UPS
tU pxq ą 0. So x P VS Ď VcardS . Lastly, we show V is
locally finite. Since U is locally finite, there is a neighborhood N of x in B with
R :“ tU P U | N X U ‰ Hu Ě S finite. Suppose N X VF ‰ H. Then qF pyq ą 0 for
some y P N . So tU pyq ą 0 hence y P U for all U P F . Thus F Ď R so F P 2
R. 
We simplify [Bre72, Proof II:7.1C] to include all strata and no infinite ordinals.
For ease of reading, we drop the ˆ0 for p-preimages that occur from Lemma 4.3.
The key idea is to construct a G-isotopy δ on the overlap for continuous transition.
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Proof of Theorem 4.1. Since B is paracompact Hausdorff hence normal by [Die44,
The´ore`me 1], by Lemma 4.3 and Proposition 4.4, we obtain a countable locally finite
open cover V “ tVnuną0 of B and G-homeomorphisms ψn : p
´1pVn ˆ r0, 1sq ÝÑ
p´1pVnq ˆ r0, 1s over idVnˆr0,1s restricting to id : p
´1pVn ˆ 0q ÝÑ p
´1pVnq ˆ 0.
Consider the open sets Un :“
Ť
iăn Vi inB, with U1 “ H. Since V is locally finite,
it suffices to recursively define similar G-homeomorphisms φn : p
´1pUnˆr0, 1sq ÝÑ
p´1pUnq ˆ r0, 1s such that φn`1| “ φn| over pUn ´ Vnq ˆ r0, 1s. Define φ1 “ idH.
Assume φn is defined. Shorten U :“ Un and V :“ Vn, so Un`1 “ U Y V . Write
ε :“ projX ˝ φn ˝ ψ
´1
n | : p
´1pU X V q ˆ r0, 1s ÝÑ p´1pU X V q.
As UYV is paracompact so normal, disjoint closed sets V´U and U´V have disjoint
closed neighborhoods C0 and C1 in U Y V . By Urysohn’s lemma [Ury25, Satz 25],
there is a map f : U Y V ÝÑ r0, 1s with fpCiq “ tiu. Define a G-homeomorphism
δ : p´1pU X V q ˆ r0, 1s ÝÑ p´1pU X V q ˆ r0, 1s ; px, tq ÞÝÑ pεpx, fppxqtq, tq
with inverse δ´1py, tq “ pprojXψnφ
´1
n py, fppyqtq, tq. Note if px P V ´ U then
δpx, tq “ px, tq, and if px P U´V then δpx, tq “ φnψ
´1
n px, tq. Define the G-bijection
φn`1 :“
$’&
’%
φn on U ´ V
δ ˝ ψn on U X V
ψn on V ´ U
,/.
/- : p´1pUn`1 ˆ r0, 1sq ÝÑ p´1pUn`1q ˆ r0, 1s.
By the pasting lemma, φn`1 is continuous as f is constant on each neighborhood Ci;
similarly for the formula of φ´1n`1. Then φn`1 is obtained. Induction is complete. 
We conclude with the following summary of our uniqueness results for Lie G.
Corollary 4.5. Let G be a Lie group. Let F Ď cptpGq with no conjugate elements.
Let B be an pFq-filtered metrizable space. Two maps f, g : B ÝÑ BFG are stratified-
homotopic if and only if f˚pEFGq and g
˚pEFGq are G-homeomorphic over idB.
Proof. The reverse direction is Theorem 3.18. For the forward direction, let h : Bˆ
r0, 1s ÝÑ BFG be a stratified homotopy from f to g. Write X :“ h
˚pEFGq, which is
a G-metrizable PalaisG-space as shown in Proof 3.18. In particular, X is Tikhonov.
The metrizable space B is hereditarily paracompact Hausdorff [Sto48]. Write p :
X ÝÑ B ˆ r0, 1s. As h is stratified, pGxq “ pGyq if projBppxq “ projBppyq. By
Theorem 4.1, there is a G-homeomorphism X ÝÑ f˚pBFGq ˆ r0, 1s over idBˆr0,1s.
It restricts to a G-homeomorphism g˚pBFGq “ p
´1pB ˆ 1q ÝÑ f˚pBFGq ˆ 1. 
Remark 4.6 (Baum–Connes–Higson). For G a locally compact Hausdorff group,
cardinal κ “ ℵ0, family F “ cpt, and B a metrizable space, a weaker variation of
Corollary 4.5 is sketched in [BCH94, Appendix 3]. Their correspondence is between
ordinary homotopy classes of maps B ÝÑ Bℵ0cptG and their so-called ‘homotopy’
classes of Palais-proper G-spaces over B, which I would call concordance classes.
Here is our full classification that generalizes [Pal60, 2.6.2, 2.7.10] [Bre72, II:9.7].
We allow noncompact G, infinite F, and infinite dimpBq, thus fulfilling [Pal61, §4.5].
Theorem 4.7. Let G be a Lie group. Let F Ď cptpGq with no conjugate elements.
Let B be an pFq-filtered metrizable space. Taking pullback of EFG is a bijection from
stratified-homotopy classes of stratified maps B ÝÑ BFG to isomorphism classes of
metrizable spaces with Palais G-action, isotropy conjugate in F, and orbit space B.
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Proof. The well-definedness and injectivity of this correspondence is Corollary 4.5.
In order to show surjectivity, let X be a metrizable space with Palais G-action,
isotropy conjugate into F, and B “ X{G (or at least a stratified homeomorphism).
By Antonyan–deNeymet [AdN03, Theorem B], X admits a G-invariant metric. As
X P pG,Fq-M, by Theorem 3.28, there is an isovariant G-map Φ : X ÝÑ EFG. The
induced map X ÝÑ pΦ{Gq˚pEFGq is a G-homeomorphism over idB [Kha, 2.5]. 
Acknowledgements. I am grateful to Dennis Burke for discussion on orthocom-
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